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A.  Ferguson  hAB  proposed  that  liresr  progrsaaiing  aethods  be-  v<<;. 


extended  to  Inclixde  the  ease  of  uncertain  demands  for  the  problem 


of  optimal  allooation  of  a  carrier  fleet  to  airline  routes  to  meet 


‘ijstM 


an  antiolpated  detaand  distribution.  Hie  application  of  the  theoiy 


found  in  this  paper  to  his  problem  (discussed  later  under  Example  A). 


Will  be  the  subject  of  a  separate  joint  paper,  the  ease  of  certain 


demands  was  discussed  earlier  [4]* 


The  easentisi  character  of  the  general  nodela  under  oonaideration 


is  that  activities  art  divided  Into  two  or  mox^  stages.  The  quan¬ 


tities  of  activities  in  the  first  stage  are  the  only  ones  that  are 


required  to  be  detemined;  those  in  the  second  (or  later)  stages 


can  not  be  determined  in  advance  since  they  depend  on  the  earlier 


stages  and  the  rauidoci  or  uncertain  dema^ids  which  occur  on  or  before 


the  latter  3t^lge.  It  Is  Important  to  note  that  the  set  of  activities 


'  V, 


are  assumed  to  be  coi 


in  the  sense  that,  whatever  be  the  choice 


of  activities  in  the  earlier  stages  (consistent  with  the  restrictions 

:  '«  W 

applicable  to  their  stage),  there  is  a  possible  choice  of  activities 


in  the  latter  stages.  In  other  words  it  is  not  possible  to  get 


in  a  Dosltion  where  the  proxrammlnx  problem  admits  of  no  solution. 


Example  1:  Miniinuro  Expactad  Cost  Plat,  k  nutrition  oxport 

^  i 

wlshos  to  advise  his  followers  on  a  mlnlmun  cost  diet  without- prior  V; 
knowledge  of  the  prices  [6]  .  Since  prices  of  food  (except  for  general' 
Inflationary  trends)  are  likely  to  show  variability  due  to  weathat*  ' 
conditions,  supply,  etc.,  he  wishes  to  assume  a  distribution  of 
possible  prices  rather  than  a  fixed  price  for  each  food,  and  detei^  ' 

mine  a  diet  that  meets  specified  nutritional  requirements  and 

.  * 

minimizes  expected  coats.  Let  x.  be  the  quantity  of  food 

-  J 

purchased  in  pound#,  Pj  its  price,. Md  a^j  be  the  quantity  of  the  -  - 
1^^  nutrient  (e.g.,  vitamin  A)  contained  In  a  unit  quantity  of  the 
food,  and  b^  the  mlnlraum  quantity  required  by  an  individual 
for  good  health.  Then  the  must  be  chosen  so  that  ^ 


(1) 


jii  ^  ‘’i 


and  the  cost  of  the  diet  will  be 


(2)  C 


II 


’‘I’-i  ■ 


The  x.  are  ohoeen  before  the  prices  are  known  ao  that  the  expeatad 

j  -  -  -  - 

ooate  of  eueh  a  dlat  art  olaarly 


(:?)  Bxp  c  • 


i^"'.cre  pj  Is  Its  expected  price.  Since  the  pj  are  known  In  advance. 


V...  1  r^.-..  -i.-‘  .  r^Vj.  "; 


..  4; 


th«  best  choices  of  Xj  are  those  which  satisfy  (l),  mlnliilse  (3)* 
Hence  in  this  case  expected  prices  nay  be  used  in  place  of  the 


distribution  of  prices  and  the  usual  linear  programing  problem 


solved » 


Let  us  consider  a  simple  two-stage  case:^  A  factory  has  100 
Items  on  hand  which  may  be  shipped  to  an  outlet  at  the  cost  of  $1 


apiece  to  meet  an  uncertain  demand  d2*  In  the  event  that  the 
demand  should  exceed  the  supply ^  it  is  necessary  to  meet  the 

unsatisfied  demand  by  purchases  on  the  local  market  at  $2  apiece. 


The  equations  that  the  system  must  satisfy  are 


(M 


100 


’'n  *  *12 


{*1,  i  0) 


•  X. 


^2 


-f  2x. 


where  x^^  •  number  shipped  from  the  factory,  ■  number  stored 


at  factory; 


x^^  *  number  purchased  on  open  market,  X22  *  excess  of  supply 


over  demand; 


d2  *  unknown  demand  uniformly  distributed  between  70  and  60; 


total  costs. 


It  is  clear  that  whatever  be  the  amount  shipped  and  whatever  be 


Example  2 1  Shipping  to  an  Outlet  to  Meet  an  Uncertain  Demand. 


.Hi 

'  J  V 
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the  demand  d^,  it  is  possible  to  choose  X22  ^2 


In  some  appllcdtions,  however,  it  nay  net' be  desirable  to  mlnittUe  tMl 
expected  value  of  the  eoate  if  the  deoielon  has  toe  great  a  varlifiia'K 
the  actual  total  ooets.  H«  Narkowltz  [jQ  in  his  anaLniis  of 
portfolios  develops  a  technique  for  eoa^uting  for  each  poeaible  esig#^  "" 


some  of  his  expectation  to  control  his  riaks« 


value  the  miniioum  variance.  IViis  enables  the  investii'  te  gao 


•isKs^,  •' V;  "V  - 


•  ^  f.#>  •  >• 
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-• »  v»->' 


the  ••cond  aquAtlon.  The  unueed  stocks  *  *22  assumed  to 

d 

have  no  valut  or  art  writtan  off  at  some  reduced  value  (like  last 
year’s  model  automobiles  when  the  new  production  comes  In).  To 
illustrate  some  of  the  concepts  of  this  paper,  a  solution  will  be^ 
presented  later. 


j<  j 


> 


^  j 
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Example  A  lYiree-^taae  Case. 

For  this  purpose  it  is  easy  to  construct  an  extension  of  the  ' 

previous  example  by  allowing  the  surpluses  ^22  carried 

^  *1  .  ^ 

over  to  a  third  stage ,  i.e.. 


\ 

4.  J 


(5) 


Ist  stage 

100  « 

'  -  1 

*11  ♦  *12  ; 

1 

2nd  stage 

\0 

<»2  - 

*11 

*21  ”  *22 

#  f 

**  fc' 

»• ' 

70  - 

“  *12 

+  *  Xjjj 

* 

^  -  _ _ _ -  -  — •-  «- 

3rd  stage 

#5- 

1 

r 

*  Xjj  +  Xjj 

1 

c« 

* 

*11 

■*^*21  ■*■  *23  1 

ji  '  >•  .  * 

*2*31 

where  •  number  shipped  from  factory  in  2nd  stage,  •  rnimber 

stored  at  factozy  in  2nd  stage; 

70  •  number  produced  2nd  stage; 


r 

1 


»  . 

.  ■  i/i-' 


»  3 


d,  -  unknown  demand  in  3rd  stage  izn If ormly  distributed  between' 


70  or  80; 


r  V 


'".^3 


*•  ryumber  purchased  on  the  open  market  in  3rd  s 
excess  of  supply  over  demand  in  3rd  stage 


;  ^'.S 


\2 


v>l; 

-mN 


No  solution  for  this  exaitiple  will  be  given  In  this  paper#  •  9ow 
this  case  perhaps  the  simplest  approach  la  through  the  wehnlqosa. 
of  dynamic  prograianlng;  see  R.  Bellman  [ij  . 
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It  trill  b«  noted  that  the  distribution  of  d^  is  Independent 


Jtr  ‘ 


'ti^ 


f 


of  d^-  However 9  the  approach  which  we  ehall  use  will  apply  even 
if  the  distribution  of  d^  depends  on  d^.  ^  This  is  inportant  in 
problem  where  there  may  be  some  poetponeaent  of  the  timing  of  demand 

For  example.  It  may  be  anticipated  that  the  potential  refrigerator 

'  .  1 

buyers  will  buy  in  November  or  December.  However,  those  buyeirs 


'  A I 


•> 

>  ; 


1 
S 

.V  .J 


who  failed  to.  purchase  in  November,  will. affect  the  demand  distri¬ 


bution  for  December. 


Kxanple  4i  k  Claes  of  Two»dtage  Problems. 

In  the  Ferguson  problem  and  in  many  supply  problems  the  total 
costa  may  be  divided  into  two  parts:  first  the  costs  of  assigning 

various  resources  to  several  destinations  j  and  second  the  coats 

» 

(or  lost  revenues)  incurred  because  of  the  failure  of  the  total 
amounts  u^,U2  9«..,u^  aasigned  to  meet  deieande  at  vai^ioue  deatin- 
ations  in  unknown  amounts  d^,d2#.«*,d^  respeotivaly. 

The  special  class  of  two-stage  programming  problema  we  are 

•  - 

considering  has  the  following  structure.  For  the  first  stage : 


*  f*  ■ 

\ 

i* 


i=  ’ 


1 


v/i 


(6) 


n 


(Xij  >  0) 


(7) 


m 


'y 

.<4 


V? 

'  .  ■r» 


The  remarks  of  this  section  apply  if  (6)  and  (7)  are  replaced  more  SH 
generally  by  AX  -  a,  BX  •  U  where  X  la  the  vector  of  activity  levelW;J 
in  the  first  stage,  A  and  B  are  given  matrices,  a  a  given  initial 


status  vector,  and  U  -  (u^,U2, . . .  ,Uj^ ) 


•*  t  ^  • 


'Jt'  «j 


■* 

‘  .  V 
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i«  ;  •  » 

>  KVi-’ 

M' 


1^ 


th  j  .  j  *.  *.\.  jt/ll 

where  x.  .  represents  the  amount  of  i  resource  asaj^jnea  to  the  J 

J 


destination  and  b^j  represents  the  number  of  units  of  demand  at 
destination  j  that  can  be  satisfied  by  one  unit  of  resource  1.  For 


the  second  stage 


(8) 


^  ''j  - 


( j*i,2, . . . ,n) 


where  is  the  shortage*  of  supply  and  s^  is  the  excess  of  supply 
^rhe  total  cost  function  Is  assumed  to  be  of  the  form 


(<,) 


m  n  n 

iti  jtl  j-1  ^  ^ 


l.e.,  depends  linearly  on  the  choice  and  on  the  shortages  Vj 
(which  depend  on  assignments  u.  and  the  demands  dj). 

«  ♦ 

Our  oblectlve  will  be  to  minimize  total  expected  costs.  Let 


be  the  minimum  costs  at  a  destination  if  the  supply  Is  u, 

J  V  J 


and  the  demand  is  dj.  It  is  clear  that 


(10) 


if  d,  >  u. 
j  —  J 


where  a.  Is  the  coefficient  of  proportionality.  We  shall  now  give 
J 


a  result  due  to  H.  Scarf. 


Equation  (8)  should  be  viewed  more  generally  then  simply  as  a 
statement  about  the  shortage  and  excess  of  supply.  In  fact,  given 
any  Uj  and  there  Is  an  infinite  range  of  possible  values  of  Vy. 

and  Sj  satisfying  (8).  For  example,  v,  migr.t  be  interpreted  as  theV-^^X; 

amount  obtained  from  some  new  source  (perhaps  at  sorrte  premium  pride) 
and  3,  the  amount  not  used.  When  the  cost  form  is  as  in  (9)#  it  ^*>4% 

J  ,  ;/ 

becomes  clear  that  in  order  for  c  to  be  a  minimum  the  values  ol  v^  ahd^-J 

s  will  have  the  more  restrictive  meaning  above. 


and 


become 


s  will  have  the  more  restrictive  meaning  above, 

d 


**H.  Markowitz  In  his  analysis  of  portfolios  considers^  the  inter—^^ft^^* 
1  alien  of  the  variance  with  the  expected  value.  See  [5]* 


N*  J 

'  • 

/S'  t; .. 


e  *  *.  «• 

b'l  * 


Theorem :  The  expected  value  of  j  1  ^ j ) »  denoted  by  (Uj  ^  "C 
18  a  convex  function  of  u., 

.  ..1  .1.—  ,  „  II  M,,— .«  1  .  .  W 

Proof:  Let  p(ci J  be  the  probability  denBity  of  d,,  then 

J  »  O  "  r 


♦  GO 


(11)  ^  ^*”**J^  p(x)dx 


X«U 


♦  00 


-f  OD 


x»u 


x«u 


whence  differentiating  ^(u) 


(l^) 


^  CO 

fJ(Uj)  -  -  <Ij  J  p(x)dx  . 


X"U 


J 


1" 


I 

It  ia  clear  that  is  a  non-de creaoing  function  of  u.wlth 

^  J  J  J 

and  that  is  convex.  An  alternative  proof  (due  also  to  Scarf) 

Is  obtained  by  applying  a  leinma  which  we  shall  use  later  on. 


IN 

,v 


Lemma;  If  (^(x,  ,x^, . , .  ,x^  lO)  is  a  convex  function  over  a  fixed 


region  X)  for  ever>^  value  of  then  any  poaitlve  linear  combination 


of  such  functions  is  also  convex  in  XI. 


'yi 


In  particular  if  ^  is  a  random  variable  with  probability  density, 

p(^),  then  expected  value  of  ^ 


■C:i' 


V"?- 


(13) 


oo 


9  •  •  •  ; t^) 


—  00 


l8  convex.  For  example  from  (lO),  plotted  below,  is  convex.i 


From  the  lemna  the  result  readily  followB  that  1b  convex. 

From  the  basic  theorem  the  expected  value  of  the  objective 
function  la  of  the  forru 


(13) 


wliere  convex  functions.  TVius  tiie  original  problem  has 

been  reduced  to  minimizing  (13)  subject  to  (6),  (7). 

This  permits  application  of  a  Kell-4<nown  device  for  approximating 
such  a  problem  by  a  standard  linear  programming  problem  in  the  case 
the  objective  function  can  be  repx*#&ented  by  a  auan  of  convex  functions. 
See  for  exaople  [3]  or  Chames  and  Coopar«  "Klnlmlsatlon  of  Kon— 

Llneai*  Sepax’atle  Convex  PujiCtlonG , .  To  do  this  one  appi'oxlmates 


tht  derivative  of  ^(u)  In  some  sufficiently  lax*ge  range  0  ^  u  ^ 
by  a  step  function 


involving  k  steps  where  size  of  the  1  base  la  a.  and  Its  height 


Is  where  ^  ^2  ^  ***  ^  ^  convex.  An  approxi¬ 

mation  for  ^(u)  Is  given  by 


(17)  ' 


^(u)  i  ^(0)  ♦  Hln  2  h-  A, 

1  ^  ^ 


•  T'' 


'  -'tM 


subject  to 


^3 


(18) 


j  ^  ^  J 

74 

■  w 


Indeed,  It  Is  fairly  obvious  that  the  approximation  achieves  its 


minimum  by  choosing  ^**1*  ^•*^2*’’*  until  ^  the  ouBulatlve 


Stan  of  the  exceeds  u  for  some  i«r;  A^  Is  then  chosen  as  the  value 


of  the  residual wlttt  all  remaining  A^^  •  0.  In  other  words,  we 


'  •  ^  xr-7 


have  approximated  an  Integral  by  the  sum  of  rectangulai*  areas  under 


the  curve  up  to  u ,  1 . c . , 


u 


(19)  ^^(u)  -  p((0)  +  J_  ^  (x)dx  i  . 

o  1»1 

k  k 

The  next  step  Is  to  replace  j^(u)  by  ^  ^  ^  * 


In  the  programming  problem  and  add  the  restrictions  0  ^ 


the  objective  Is  minimisation  of  total  costs.  It  will,  of  necessity, 

n  1: 


for  whatever  value  of  u  •  ^  and'O  <  minimise  ^ 

Thua^  this  class  of  two-stage  linear  programming  problems  involving 
uncertainty  can  be  reduced  to  a  standard  linear  programming  type 


■f 


i,.-V 


- 


problem.  In  addition,  simplifying  computational  methods  exist  when 


»  V. , 

1 


variablas  have  upper  bounds  such  as  M  •* 

,  Example  5*  The  Two-Stage  Problem  with  General  Linear  Structure 
Ke  shall  prove  a  general  theorem  on  convexity  for  the  two-stage  .  /• 
problem  that  forms  the  inductive  step  for  the  multi— etage  problem.  ' 
We  shall  say  a  few  words  about  the  sigiiiricance  of  this  convexity 
later  on.  The  assumed  structure  of  th.o  general  two— stage  model  is 

(so)  b. 


Ai,X, 


‘  ■) 


It  ^ 

&.  1 


2  "21“1  ’  22^2 


"  ^ 

» 

.1 


C  -  ^(X^.XjlEg) 

where  A  are  known  matrices,  b,  a  known  vector  of  initial  inventories,  ’ 
^  J  .  'i2 


'a** 


A  special  case  of  tlio  general  model  given  in  (20)  Is  found  In 
Example  4. 


n 


^1  •  I  ^ 


J-1 


IJ 


m 


‘  2  *  ''j 

1-1 


c  “II  Ci.rij  I 


here 

e 

(^1 » • • • 

here 

V 

(x^  ^  ,  .  .  .  .  .  .  .  .  . 

here 

■'^2 

- 

(dT,d2,  •  •  • 

here 

(  ,  Vj5  ,  .  .  .  ,  ,  S  ,  ,  3^  ,  .  .  .  ,  ) 

*  ( 

r  »Vj 


•Tti 


•vj. 

.4 


<- 


:•  »i 
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an  unknown  vector  whose  conponents  are  detemlned  by  a  chance 

mechanism.  (Mathematically,  ij  a  sample  polrjt  drawn  from  a  multli 

dimerjslonal  sample  space  with  known  probability  distribution);  Is 

the  vector  of  nonnegative  activity  levels  to  be  determined  in  the  t 

*  > 

first  stage,  while  Is  th.e  vector  of  nonnegative  activity  leveliS 
for  thio  second  stage.  It  Is  assumed  that  whatever  be  the  choice  of 
satisfying  the  first— atage  equations  and  whatever  be  the  particular 
values  of  deteimiined  by  chance,  there  exists  at  least  one  vector 
X^  satisfying  the  second— stage  equations.  The  total  costs  C  of  the 
program  are  assumed  to  depend  on  the  choice  of  X^,  X^,  and  parametrlcallj^^ 
orj  Ep.  The  basic  problem  is  to  choosy  and  later  In  the  second 
stage  such  that  the  expected  value  of  C  is  a  minimum. 


'Pheorem :  If  p{X^,X2|E2)  Is  a  convex  function  in  ^^*^2 

X,  lH-Ti-j,  l.e.,  satisfying  tne  lat  stage  restrictions  and  whatever 
be  in  i  2  ^  1  ^2  ^ '  l.e.,  satisfying  the  2nd  stage  restrictions 

given  and  ,  then  there  exists  a  convex  function  )  such 

that  the  optimal  choice  of  X^  subject  to  is  found  by 

mlnlinlzlng  ^^(X^  ]  where 


('’a 


(X,  )  .  Kxr  [  Inf  0(X,,}U|E  )  ] 


Exp  C  3  Inf  ) 

V  1  o  X 


1 


L 


1 


iho  expectation  (Exp)  is  taken  with  respect  to  the  distribution  of 


•« 


and  the  greatest  lower  bound  (Inf)  lo  taken  with  respect  to  all 


o 


Tlic  chance  mechanism  may  be  the  "market,"  the  "weather." 

♦  ♦ 

Ihe  greatest  lower  bound  Instead  of  minimum  Is  used  to  avoid 
the  possibility  that  the  mliiimum  value  Is  not  attained  for  any  ad¬ 
missible  point  or  X^flXc^.  In  case  where  the  latter  occurs, 

it  should  te  ur;derstood  that  while  there  exists  no  X^  where  the 

minimum  is  attained,  there  exists  X^  for  which  values  as  close  to 

.Pilnl'iUm  as  desired  are  attained. 


Proof:  In  ordor  to  nlnlrr.*::e  the  Ji^xp  it  in  clear  * 

,  —  X  c  •-  ,  . 

th'it  once  hc-is  been  selected,  determined  by  chance,  that  must 
he  sejected  so  that  is  minimized  for  fixed  X  and  E,^.  - 

-L  C.  t  L  <d 

Thun,  the  coste  for  given  and  Is  given  by 
(Z’P)  (^^(XjiS^)  -  Inf  ^(X^.X^Ug)  . 


^  c 


The  expected  costs  for  a  given  is  then  simply  the  expected  value 


of  denote  by  Pq(X^).  ITie  cptimal  choice  of 

to  minimize  expected  costs  C  is  thus  reduced  to  choosing  so 

do  to  iTilnlinlze  Ttiere  roTialns  only  to  estar^ish  t‘.(  cc::ve;:ity 

property.  We  shall  show  first  that  ,d^(X^,E^)  for  Loundca  Is  convex 
for  X^  in  Q.^.  If  true,  then  applying  the  lemma,  the  result  tr.at 

is  convex  readily  follows.  Let  us  suppobo  th.at  o^(x,  ,r:^)  is 
not  convex,  Uie/<  there  exist  three  points  in  Jl,  :  X^*  ,  X",  X^"  -•=  xx^  +  uX 
(x-fiL«=^l,  0<  X<1)  that  violate  the  condition  for  convexity,  l.o.,  ' 


(23)  ^  <  f^CXj’iE^) 


(24) 


e  >  0  .. 

o 


Por  any  >  0,  however,  there  exists  and  X”  such  that 


(25)  (zrpxpSp)  -  ^(xpxpE^a-e^ 


-  (J'(xpX^iB2)-£j 


°  <^-2<  b 


Setting  X"'  •  XX|  ♦  4X|  we  note  becfciise  of  the  aesumed  linearity 


e  * 


•  ■  I 


r 

il.is  piX>cf  is  along  lines  suggested  by  I.  Ollckeberg. 


'  y  ^ 


U  .. 

•  ^  %/,  ,,  r  ^  ^ 


of  the  model  (20)  that  ( XX^  nX^)  £  ^^(XX^  +  HXJIS^)  and  hence  by 
convexity  of  (/ 


(26) 


Xff( X^ , I E„ )  +  u)^(X5;.X^iE2)  2  )^(X*  X^'lEg) 


'■  -i* 


whence  by  (25) 


(27) 


X^XJiBj.)  +  t4^(XjlEj)  >  ^(Xj-.X^ISj)  -  Xfj  -  ut. 


and  by  (2k) 


(28) 


^(^(Xj'iS.)  >  _  n€^+t^  (0  <  X^^nttg  <,  f^,) 


VL 
'  •  ■  V 

•’■y? 

*•  i  V 

.4 

•  ill 


which  contradlcta  the  assumption  that  •  Inf  ^{X'^,X^\K^) 

Ti.e  proof  for  unbounded  ^  Is  omitted. 


-fi- 

>2 


Example  5:  Ttie  Multl~3tage  Prcileir  wJth  General  Linear  Structure. 


The  etructui'e  aesumed  Is 


(29) 


b, 

1 

0 

-  A^.X, 

A 

kj  ^■ 

C 

21  1 

22  2 

h.. 

»=  A-.X, 

52  2 

• 

»* 

y-> 

X, 

^  ^42^ 

"  -3J-3 


*na^l  *ni2’^2  ■*■  *1113^  ■*■ . *rani^ni 


0(X^,X^,  ,  ,  .  »X^t *  •  •  • » ) 


'i? 

\e.  •  ^  ^ 


^  A 


'  1 

''  T' 

1 


V  i 


(3)  th#  total  loost  C  li  A  oonVox  fwotlon  In  Xi> 
Which  doi^nd  on  th#  valuoe  of  tho  aaiiplt  po^ 


otton  can 


ctlon  ^  hf 


laoinatha  con 


ifhtre  is  the  s»t  of  possible  that  satisfy  the  m  *  stage 


73  i 
J- vS 


restrictions . 


Since  the  proof  of  the  above  theorem  Is  Identical  to  the  two- 


stage  case  no  details  will  be  given.  T^ie  fact  that  a  cost  function 
for  the  (nwl)  stage  can  be  obtained  from  the  stage  Is  simply 


consequence  that  optimal  bet^vior  for  the  stage  is  well  defined,/^ 


1.#.,  given  any  state,  e.g.,  (X^,  the  beginning  of 


this  stage,  the  best  possible  actions  can  be  determined  aiid  the 


minimum  expected  cost  evaluated.  This  Is  a  standard  technique  In 


’'dynamic  progranmlng . **  For  tne  reader  Interested  in  methods  ouilt 


around  tnls  approach  the  reader  is  referred  to  R.  ^^^llman*8  book  on 
dynamic  programming  [l]  . 


While  the  existence  of  convex  ^\mctlon3  has  been  demonstrated 


that  permit  reductiorj  of  an  m~stage  problem  to  equivalent 
m— i  ,m— age  problems,  It  appears  hopelcsr  that  suchi  runctlcns  ^ 
can  be  corputod  except  in  very  simple  cases.  The  convexity  r.hooreiTi  v*-  Hi 
was  demonstrated  not  as  a  solution  to  an  m— stage  problem  but  on'y 

v-. 

in  the  hope  tl.at  It  will  aid  In  the  development  of  an  efficient 
computational  theory  for  such  models.  It  should  be  remembered  that 
any  procedure  that  yields  a  local  optimum  wlj.1  be  a  true  optimum  if 

\ 

the  function  is  convex.  This  is  Imoortant,  because  mul tl-dim'^nsional 

*  \ 

problems  in  which  non-convex  functions  are  defined  over  nori-convox 
domains  le  id  as  a  rule  to  local  optimum  and  am  almost  hopeless  task, 
co.mputetlcnai  ,  of  exploring  other  carts  of  the  domain  for  t^  e  ct 

If' 


othei’  extremes. 


Solution  for  Example  2:  Shipping  to  au>  Outlet  to  Meet  an 


*J  ■  . 


Uncertain  Demar^d. 


Let  ua  consider  the  two-etage  case  given  earlier  (4).  It  la 


clear  that.  If  supply  exceeds  deaiand  ^  ^  gives 


-’>'b 


7  •** 
V 


minimum  coate  and.  If  <  d^,  that  glvti'a  minimum  ooat^v 


i 


Htnet 


.v-''‘,?i‘,V^ 


(51) 


Min  ^ 


If  >  dg 


^  2(do  -  X,  J 


*11  i 


.  >•  ««  -**  « 
'  <  V  .•••«' 


»  ,  ^1 


A*  *•::>: 


Slnot  jd^  is  AiBumtd  to  b«  unlforaly  distributed  between  70  and  BO 


(52) 


KxpC  Min  ^] 


-  X 


11  *  150  ^ 


77.5  •*•  ~(75  -  X,,  )^  If  70  < 


11  ^ 


80 

t 

i 

<  70 

■  '‘aA’, 

/"iv 

<  80 

If  SO^Xjj 


■  A*  * 

ThlB  function  it  clearly  convex  and  attalne  its  minimum  77.5,  which  ’  ^ 
it  the  expected  coat,  if  x^^  •  75.  Since  x^^  •  75  1b  In  the  range  . 
of  poaoible  valuea  of  x^^  as  detemlned  by  100  •  -f  x^2  ^^1®  1°  /  "  ' 

clearly  the  optimal  shipment.  In  this  case  it  pays  to  ship  x^^"32*7!^ 
the  expected  demand.  '  .K 

It  can  be  shown  by  simple  examples  that  one  cannot  replace,  in 

» 

general,  the  chance  vectors  b^^  by  the  vector  of  expected  values  ^ 
of  the  ooeqixments  of  b^.  Nevertheless,  this  procedure,  which  is 

•  'VV 

quite  conwon,  probably  provides  an  excellent  starting  solution  for  /'vj 
any  Improvement  technique  that  might  be  devised.  For  example,  in 
the  problem  of  Ferguson  (application  of  Example  ^),  using  as  a  start 


this  is 


^  Ai-' 


■  :  ^ 

\  <  '  + 


the  solution  based  on  expected  values  of  dtaand,  it  was  an  easy  mstter^-T^*^ 


-  % 


to  Improve  the  solution  to  an  optimal  one  whose  expected  costs  were  '  ^ 
15^  l.i..  • 


T  . 


aVV  ‘  '  ' 


Solution  for  Example  The  General  TVo-jStage  Caat> 


.  ft: 

V  ^ 

:  ‘I 


rf>45*< 


ii/hen  the  number  of  posslbllltlee  for  the  chance  vector  b^  it 

1=2^^ . with  probabilltl*a  p,,  p-,,  ....  Pj^,  {.Jp4  •  l)j$' 

It  Is  not  difficult  to  obtain  a  direct  linear  programming  solution  ^ 


for  sinall  k,3ay  lc»5.  Since  this  type  of  stnacture  is  very  special «  ; 

it  appears  likely  that  techniques  can  be  developed  to  handle  large  ^ 

a: 

k.  For  k-3,  the  problem  is  equivalent  to  determining  vectore  X,  and' 
vectors  X^''  such  that  a; 


(35) 


(2) 


- 

-  *21^1 


♦  A  X^^^ 
*22^2 


a  A  X 

^2  ''21*1 


Exp  C  •  ♦  Pi<'2*2"^^'P2*2’^ 


(1)  +  . 


♦  *22*2^’ 
ft).  PjSxft) 


Kin 


where  for  simplicity  we  have  assumed  a  linear  objective  function. 


•matlct 


Lfl;-  Stf^lir 
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